Abstract-In this paper we address the problem of constellation design in four dimensional space (4D) under average power constraint. We compare the performance of best lattice constellations with those optimized without any constraint on their structure. Even though the lattice based constellations provide the best minimum distance, usually they do not allow for a good binary labelling. Therefore, in more realistic system scenarios, up to a 2 dB gain can be obtained by properly optimizing the constellation and the corresponding binary labelling. We also investigate the performance of 4D constellations obtained by the Cartesian product of two 2D constellations.
I. INTRODUCTION
Multidimensional constellations have been proposed to enhance spectral efficiency in many systems. For example, systems with more than one polarization, multidimensional coded modulation systems and systems where only a fraction of bits is needed in two dimensions. It is well known that constellation enlargement can allow a denser packing of the constellation points for a given minimum Euclidean distance and average power [1] . This would, in turn, enhance the spectral efficiency of the system.
In general, the multidimensional constellations have better figures of merit than 2D constellations. As a case in point, the QAM constellations suffer a loss from the promised Gaussian capacity of 1.53 dB. This so called shaping loss is mainly due to the finite size and the shape of the QAM constellations. However, such a loss can be partially compensated by using multidimensional constellations based on lattices. Indeed, in four dimensional space (4D), the asymptotic shaping gain provided by a lattice-based design is only 0.46 dB [2] . The densest lattice in 4D is known, and its characteristics have been thoroughly analyzed in [3] . Nevertheless, optimal latticebased constellations may perform poorly in practical systems for several reasons. First of all, these constellations optimize only the minimum Euclidean distance of the constellation which is a good design criterion only if the signal-to-noise ratio (SNR) is very large. The second problem is cutting out a finite and bounded subset of the lattice. In particular, in binary digital systems where it is desired to associate m bits to each symbol, we need to choose 2 m vertices of the lattice. This would imply some loss in the performance over non periodic channels. In such systems, also the labelling becomes an issue, as it is not possible to find a Gray labelling for constellations with size M where at least one signal has more than log 2 M neighbours. Some labelling procedures have been proposed in [4] and references therein, but no performance assessment in a realistic scenario was shown. As we will see in this paper, in BICM systems, this may cause a performance degradation in excess of 2 dB.
Despite the problems mentioned above, the multidimensional constellation design has been subject of many investigations in the last few years and several techniques exploiting more than one polarization have been proposed. For example, the authors in [5] introduce the poly-polarization multiplexing (PPM) technique. In the same paper, also the constellation design for PPM has been discussed.
Moreover, several schemes exploiting more than one polarization have been proposed for optical communications. See for example [6] and some references within. However, in all of them only small size QAM or PSK constellations have been considered, and no particular further design has been proposed.
Our goal in this paper is twofold. First, we optimize the 4D constellations and the corresponding labelling by maximizing the pragmatic achievable mutual information and compare their performance with the best lattice based constellations. Second, we optimize the 2D constellations and compare their performance with those optimized in 4D. To have a fair comparison, we generate a 4D constellation from the optimized 2D points as a Cartesian product. The average power of all constellations are normalized to unity in 4D. As we will see, the proposed optimized constellations perform better than the known constellations in the literature. We are mainly interested in 64-ary constellations in this paper. We have also optimized the 16-ary constellations, but the gain that can be obtained with respect to the Cartesian product of two 4-QAM is negligible. Notice that there are exactly sixteen quadrants in the 4D space and therefore 4 × 4-QAM has exactly one point in each quadrant. In other words, it can be seen as a BPSK constellation in each dimension, which is known to be optimal at very low SNRs.
The rest of this paper is organized as follows. In Section II, we describe some basic concepts and define the objective function to be optimized. In Section III, we briefly review the algorithms used to optimize constellations and the labelling. Various constructions for 64-ary constellations are presented in Section IV. The performance comparison and the simulation results for proposed constellations are presented in Section V. Finally, we conclude the paper in Section VI and suggest some possible future improvements.
II. BASIC NOTATIONS AND PROBLEM STATEMENT
A constellation χ is simply a finite subset of the k dimensional Euclidean space, i.e., χ ⊂ R k . In this paper, we are mainly interested in constellation with M = 2 m elements and k = 4. The elements of χ are referred to as constellation points, transmitted symbols or simply signals. The symbols are associated to the bits at the input of the modulator through the one-to-one labelling µ : χ → {0, 1} m . For any given symbol x, we denote by µ i (x) the value of the i th bit of the label associated to it.
A labelling for χ is called a Gray labelling if for any two symbols We consider a 4D AWGN channel where the received signal can be written as y = x + n, where the AWGN noise n, transmitted symbol x and received signal y are all in R 4 . In practice, usually the 4D constellation is projected onto two 2D planes called polarization. Signals in each polarization are then complex numbers.
A. Objective Function
Bit interleaved coded modulation (BICM) has been accepted in many standards in recent years [7] . The main idea is to separate the detector from the decoder at the receiver. This allows to substantially reduce the complexity of the receiver. However, such systems suffer a large performance degradation if a good binary labelling µ is not chosen. In such systems, the so called pragmatic achievable mutual information (PAMI) defined in [7] is usually a good performance measure for constellation design:
where I(., .) is the mutual information function and µ i (x) is the random variable indicating the i th bit associated to the transmitted signal.
On the other hand, when iterations between decoder and detector are allowed, the binary labelling becomes less important and the achievable mutual information (AMI), I(χ) = I(x; y) can be used as the quality measure.
B. Problem Statement
Our problem is to find the constellations χ and the corresponding labelling µ that maximize the PAMI, I p , under the average power constraint. Therefore, the optimization problem can be formulated as:
This optimization problem is known to be hard because the I p function usually allows for many local maxima. Notice that the average power constraint is over the 4D space and not per polarization.
If the shape of the constellation is fixed a priori, one still needs to find the best possible labelling that maximizes the PAMI. In such cases, the optimization problem is slightly different and same optimization algorithm may not be suitable for both problems.
III. CONSTELLATION DESIGN
Constellation design problem has been an active field of research since the advent of information theory. The optimal solutions for the problem defined in (1) are not known even for small constellation sets. Usually, the optimization algorithms are trapped in a local maximum of the problem, specially when the constellation set has more than 16 points. Further, the shape of the optimized constellation for a given communication system depends on several factors. The most important parameters affecting the shape are the channel model, the power constraint, the chosen objective function to be optimized, and the optimization algorithm per-se. Several algorithms have been proposed in the literature for this optimization problem. In the following we briefly review the algorithms we use for optimization in this paper.
A. Genetic Algorithm for Constellation Cut and labelling Optimization
The genetic algorithm (GA) has been already used in the literature for constellation design (see for example [8] ). In the following, we specialize it to two distinct optimization problems for 4D lattice-based constellations. The first problem is the selection of a finite number of points from a given (infinite) lattice. Indeed, the average power constraint usually selects a number of points higher than the desired cardinality. Therefore, only a subset of the points satisfying the average power constraint has to be selected. This selection is done by implementing a GA which maximizes the AMI of the selected constellation.
The second problem is to find a good labelling for a given constellation. A genetic algorithm has been implemented for finding the labelling which maximizes the PAMI of the given constellation.
B. Simulated Annealing for Joint Constellation and labelling Optimization
A simplified simulated annealing (SA) has been introduced for constellation design problem over AWGN in [9] for optimizing small size constellations. This algorithm has been extended for optimizing the constellations with up to 256 signals under more general channel models in [10] . The main advantage of the SA algorithm with respect to other algorithms in the literature is that it allows to jointly optimize the constellation and the corresponding labelling. This is of great importance because a constellation optimized without considering the labelling may not allow for a Gray mapping, and hence will show a large performance degradation in practical systems. For details on the SA algorithm for constellation design we kindly refer the readers to [10] and the references therein. A straightforward extension of the SA algorithm for the optimization of 4D constellations can be found in [11] , [12] .
IV. 64-ARY CONSTELLATION DESIGN IN 4D
In this section, we present the 64-ary constellations which are considered in this paper. As mentioned before, the shape of the optimized constellation depends also on the selected SNR. Our target SNR for optimization is 10 dB which approximately corresponds to an AMI of 5 bits per transmitted symbol. The simplest constellation can be constructed by taking the Cartesian product of two 8-QAM constellations shown in Fig. 1 . We denote the resulting constellation as 8 × 8-QAM and use it as a benchmark for performance evaluation.
A. Lattice Amplitude Modulation
Following [13] , we refer to the multidimensional latticebased constellations by Lattice Amplitude Modulations (LAMs), where the basic construction procedure involves taking symbols from a suitable 4D lattice. According to the lattice chosen, different types of constellations, with varied properties, can be derived.
The densest packing in 4D is given by the D 4 lattice (the so-called checkerboard), which is a cubic lattice centered at the origin. It is obtained by partitioning the quadratic lattice Z 4 and choosing only the points whose (integer) coordinates sum to 0 (modulo 2). Being the densest lattice in 4D, the D 4 provides the best coding gain by maximizing the minimum Euclidean distance among the constellation points [3] .
In practical systems, the bits at the output of the encoder select the points in the 4D constellation to be transmitted. However, the pulse shaping and the transmission over the channel normally occur separately per polarization. This implies that each selected 4D symbol has to be projected on the two 2D planes, one per polarization, before being linearly modulated by means of pulse shaping, and finally transmitted over the channel. Since at a given time instant the projected 2D symbols on each polarization are correlated (because of the shaping introduced by the 4D design [14] ), the optimal detector has to operate jointly on both the polarizations.
1) 64-LAM:
To obtain the 64-LAM constellation, we first select the smallest sphere around the origin which contains at least 64 vertices of the D 4 lattice. In this case, the spherical cut selects 88 points of which 40 points have lower amplitudes and the remaining 48 points have the highest amplitude. The final constellation is obtained by selecting all the vertices with lower amplitudes and only 24 points with highest. In order to choose this 24 points, a GA is implemented to maximize the AMI of the constellation. We show the 2D projection of the resulting constellation in Fig. 2 . Also, the number of occurrences for each point is reported in this figure.
2) labelling for 64-LAM Constellation: In the D 4 lattice, each point has up to 24 neighbours (the number of neighbours is called the kissing number of the lattice). This indicates that having a Gray mapping which allows for 1 bit flip for all the couples of neighbouring points is not possible. Actually, by some combinatorial analysis, it can be shown that even a mapping allowing a difference of 2 bits between neighbouring symbols is still not possible for 64-LAM constellation. Therefore, we have used a GA for finding a labelling which optimizes the PAMI of the constellation.
B. Enhanced Poly-polarization Multiplexing
The 4D constellation design for enhanced poly-polarization multiplexing (EPPM) has been studied by Yofune et al. in a series of papers (see for example [5] and [15] ). For the sake of completeness, we also compare our proposed constellation with those reported in these papers. For more details on these constellations we kindly refer the readers to [5] and the references within. We show the 2D projection of this constellation in Fig. 3 . Also, the number of occurrences for each point is reported in this figure. 
C. Cartesian Product of Optimized 2D Constellations
As shown in [14] , the 4D design induces a correlation among the 2D symbols obtained by projecting the 4D constellation onto the two 2D polarization planes. As stated before, the optimal detector is joint over the two polarizations, i.e., it takes into account the correlation between the received samples on both the polarizations when computing the log likelihood ratios. Of course, this increases the overall complexity of the detection procedure. A simpler detector operating separately on the two polarization (i.e., treating the received samples from different polarizations as independent) would have a poorer performance than the optimal detector. However, such a loss can be mitigated by an accurate design of the 2D projected constellation. Indeed, 4D constellations that can be decomposed as a Cartesian product of two 2D constellations have independent projected constellations (which are coincident with the constituting 2D constellations). Of course, designing a 4D constellation as a Cartesian product of two 2D constellations results in a shaping loss.
The main question is how big is the shaping loss if the constellations in 2D are properly optimized. A key objective of this evaluation is to trade-off the shaping loss vis-a-vis decoding complexity when 2D constellations are optimized. We have optimized an 8 point constellation in 2D using the SA algorithm. This constellation is shown in Fig. 4 . We denote by 8×8-OPT the constellation in 4D obtained by the Cartesian product of this constellation with itself.
D. Optimized 4D Constellations
As we have mentioned, the SA algorithm can be easily modified for optimizing the 4D constellations under the average power constraint by maximizing the AMI or PAMI. We have initialized the SA algorithm with the 8 × 8-OPT in order to speed up the algorithm. The optimized constellation is shown in Fig. 5 . Notice that we show both polarization in a single figure. We refer to this constellation as the 64-OPT in what follows. The target SNR for the optimization is chosen to be 10 dB. The coordinates for the points of this constellation together with the corresponding labelling can be found in Appendix A.
V. PERFORMANCE COMPARISON AND SIMULATION RESULTS
In this section we first plot the AMI and PAMI curves, and then present the BER simulation results for the constellations we have introduced in Section III.
A. AMI and PAMI Comparison for 64-ary Constellations
In Fig. 6 we show the AMI for 64-ary constellations. For the SNR values in the interval [6, 12] , the 64-OPT is better than 64-LAM, even though this constellation is designed to optimize the PAMI. For larger SNRs, 64-LAM has a better AMI. This is not surprising, because 64-LAM has a better minimum Euclidean distance, which indeed becomes the dominant factor in AMI computation at high SNRs. However, the interested SNR values are those providing spectral efficiencies between 0.5 dB to 1.5 dB below the saturation point. In Fig. 6 , we can also notice that 8 × 8-OPT constellation shows a large degradation for SNR values larger than 10 dB. EPPM constellation and 8 × 8-QAM show a loss larger than 0.5 dB with respect to the 64-OPT.
In Fig. 7 , we show the PAMI for constellations with 64 signals. Notice that 64-LAM and 64-EPPM constellations suffer a significant loss with respect to their AMI values in the previous figure. This is mainly because a good labelling does not exit for these constellations. The 64-OPT and 8 × 8-OPT have almost the same PAMI values at SNR=10 dB.
B. Simulation Results
In this section we provide the bit error rate (BER) simulations for all the 64-ary constellations introduced in the previous section. A GEO satellite broadband system employing both the polarizations for transmission on the user link is considered. Further, a DVB-S2 air interface [16] is assumed and we use the LDPC code of the DVB-S2 standard with rate R = 5/6 and the code length n = 64800 bits. The channel is AWGN and no cross polarization has been considered. As we can see in Fig. 8 , the BER curves confirm closely the PAMI results which were presented in Fig. 7 . 
VI. CONCLUSIONS AND FURTHER STUDIES
In this paper, we have optimized 64-ary 4D constellations by maximizing the pragmatic achievable mutual information (PAMI). A simulated annealing algorithm has been used to jointly optimize the shape and labelling of the constellation. We have compared the PAMI of optimized constellation with LAM, EPPM, and QAM constellations, showing a gain of at least 0.5 dB over the AWGN channel. On the other hand, the 4D constellation designed by the Cartesian product of two 2D optimized constellation shows a degradation of only 0.2 dB with respect to the 4D optimized constellation, resulting more appealing in systems where the receiver complexity is an issue. In this paper we have limited ourselves to the AWGN channel. The performance assessment of 4D constellations over other channel models where the correlation between the two polarizations can be exploited by a joint detector to improve the performance (e.g., erasure channel, deep fading channel) will be object of future investigations. Another interesting direction for further research is to take into account the cross-polar interference at the constellation design level. The simulated annealing algorithm used for 4D constellation design in this paper has been implemented by Tianyi Liu and Qizhen Lu.
APPENDIX A
In Table I we provide the coordinates of the 64-OPT constellation. Notice that the binary labelling for each point is reported in decimal at the beginning of each row. For example, the binary labelling corresponding to the point in row 11 is '001011'. 
